We use a derivative expansion for gently curved surfaces to compute the leading and the next-toleading curvature corrections to the Casimir-Polder interaction between a polarizable small particle and a non-planar surface. While our methods apply to any homogeneous and isotropic surface, explicit results are presented here for perfect conductors. We show that the derivative expansion of the Casimir-Polder potential follows from a resummation of its perturbative series, for small in-plane momenta. We consider the retarded, non-retarded and classical high temperature limits.
I. INTRODUCTION
Quantum and thermal vacuum fluctuations of the electromagnetic field are at the cause of so called dispersion forces between two polarizable bodies. A particular instance of dispersion interaction is the CasimirPolder force [1] between a small polarizable particle (like an atom or a molecule) and a nearby material surface. Recent advances in nanotechnology and in the field of ultracold atoms have made possible quite precise measurements of the Casimir-Polder interaction. (For recent reviews see [2, 3] .)
There is presently considerable interest in investigating how the Casimir-Polder interaction is affected by the geometrical shape of the surface and several experiments have been recently carried out [4] [5] [6] [7] to probe dispersion forces between atoms and microstructured surfaces. The characteristic non-additivity of dispersion forces make it very difficult to compute the Casimir-Polder interaction for non-planar surfaces in general. Detailed results have been worked out only for a few specific geometries. The example of a uniaxially corrugated surface was studied numerically in Ref. [8] within a toy scalar field theory, while rectangular dielectric gratings were considered in Ref. [9] . In Ref. [10] analytical results were obtained for the case of a perfectly conducting cylinder. A perturbative approach is presented in [11] , where surfaces with smooth corrugations of any shape, but with small amplitude, were studied. The validity of the latter is restricted to particle-surface separations that are much larger than the corrugation amplitude. In this paper we present an alternative approach that becomes exact in the opposite limit of small particle-surface distances. In this limit, the Proximity Force Approximation (PFA) [12] can be used to obtain the leading contribution to the CasimirPolder potential. Our approach is based on a systematic derivative expansion of the potential, extending to the Casimir-Polder interaction an analogous expansion successfully used recently [13] [14] [15] to study the Casimir interaction between two non-planar surfaces. It has also been applied to other problems involving short range interactions between surfaces, like radiative heat transfer [16] and stray electrostatic forces between conductors [17] . From this expansion we could obtain the leading and the next-to-leading curvature corrections to the PFA for the Casimir-Polder interaction.
The paper is organized as follows. In Sec. II we present the derivative expansion for the general case of a dielectric surface. Explicit results are presented for the special case of a perfectly conducting surface. In Sec. III the example of a two-state atom is considered, and we present the potential in two limits: the retarded Casimir-Polder limit and the non-retarded London limit. In Section IV we conclude, pointing out some avenues for further exploration. Finally, in the Appendix we show how the derivative expansion of the potential can be obtained by a re-summation of the perturbative series to all orders.
II. DERIVATIVE EXPANSION OF THE CASIMIR-POLDER POTENTIAL
Consider a particle (an 'atom,' a molecule, or any polarizable micro-particle) near a dielectric surface S. We assume that the particle is small enough (compared to the scale of its separation d to the surface), such that it can be considered as point-like, with its response to the electromagnetic (em) fields fully described by a dynamic electric dipolar polarizability tensor α µν (ω). (We assume for simplicity that the particle has a negligible magnetic polarizability, as is usually the case). Let us denote by Σ 1 the plane through the atom which is orthogonal to the distance vector (which we take to be thê z axis) connecting the atom to the point P of S closest to the atom. We assume that the surface S is characterized by a smooth profile z = H(x), where x = (x, y) is the vector spanning Σ 1 , with origin at the atom's position (see Fig. 1 ). In what follows greek indices µ, ν, . . . label all coordinates (x, y, z), while latin indices i, j, k . . . refer to (x, y) coordinates in the plane Σ 1 . Throughout we adopt the convention that repeated indices are summed over.
The exact Casimir-Polder potential at finite temperature T is given by the scattering formula [18, 19] 
Here T (S) and T (A) denote, respectively, the T-operators of the plate S and the atom, evaluated at the Matsubara wave numbers κ n = 2πnk B T /( c), and the primed sum indicates that the n = 0 term carries weight 1/2. In a plane-wave basis |k, Q [21] where k is the in-plane wave-vector, and Q = E, M denotes respectively electric (transverse magnetic) and magnetic (transverse electric) modes, the translation operator U in Eq. (1) is diagonal with matrix elements e −dq where q = k 2 + κ 2 n ≡ q(k), k = |k|. The matrix elements of the atom T-operator in the dipole approximation are:
where
M (k) =ẑ ×k and e (±)
There are no analytical formulae for the elements of the T-operator of a curved plate T (S) , and its computation is in general quite challenging, even numerically. We shall demonstrate, however, that for any smooth surface it is possible to compute the leading curvature corrections to the potential in the experimentally relevant limit of small separations. The key idea is that the Casimir-Polder interaction falls off rapidly with separation, and it is thus reasonable to expect that the potential U is mainly determined by the geometry of the surface S in a small neighborhood of the point P of S which is closest to the atom. This physically plausible idea suggests that for small separations d the potential U can be expanded as a series expansion in an increasing number of derivatives of the height profile H, evaluated at the atom's position. Up to fourth order, and assuming that the surface is homogeneous and isotropic, the most general expression which is invariant under rotations of the (x, y) coordinates, and that involves at most four derivatives of H (but no first derivatives since ∇H(0) = 0) can be expressed (at zero temperature, and up to O(d −1 )) in the form
where the Matsubara sum has been replaced by an integral over ξ = κd, α ⊥ = α xx + α yy , and it is understood that all derivatives of H(x) are evaluated at the atom's position i.e. for x = 0. The coefficients β (p) p are dimensionless functions of ξ, and of any other dimensionless ratio of frequencies characterizing the material of the surface. The derivative expansion in Eq. (3) can be formally obtained by a re-summation of the perturbative series for the potential for small in-plane momenta k (see Appendix). We note that there are additional terms involving four derivatives of H which, however, yield contributions ∼ 1/d (as do terms involving five derivatives of H) and are hence neglected. (3) can be extracted from the perturbative series of the potential U , carried to second order in the deformation h(x), which in turn involves an expansion of the T-operator of the surface S to the same order. The latter expansion was worked out in Ref. [20] for a dielectric surface characterized by a frequency dependent permittvity (ω). It reads
where r
(S)
Q (icκ n , k) denotes the familiar Fresnel reflec-
×Ei(2ξ) 0 1 ( dt exp(−t)/t. tion coeffcient of a flat surface. Explicit expressions for B QQ (k, k ) and (B 2 ) QQ (k , k ; k ) are given in Ref. [20] . The computation of the coefficients β (p) q involves an integral over k and k (as it is apparent from Eq. (1)) that cannot be performed analytically for a dielectric plate, and has to be estimated numerically. In this paper, we shall content ourselves to considering the case of a perfect conductor, in which case the integrals can be performed analytically. For a perfect conductor, the matrix B QQ (k, k ) takes the simple form
where the matrix indices 1, 2 correspond to E, M respectively. For perfect conductors, the matrix (B 2 ) QQ (k, k ; k ) is simply related to B by
where σ 3 = diag(1, −1). For perfect conductors the coefficients β (p) q are functions of ξ only, and we list them in Table I .
The geometric significance of the expansion in Eq. (3) becomes more transparent when the x and y axis are chosen to be coincident with the principal directions of S at P , in which case the local expansion of H takes the simple form H = d + x 2 /(2R 1 ) + y 2 /(2R 2 ) + · · · where R 1 and R 2 are the radii of curvature at P . In this coordinate system, the derivative expansion of U reads
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III. TWO-STATE "ATOM"
The β coefficients in Eq. (3) are significantly different from zero only for rescaled frequencies ξ 1. Therefore, for separations small compared to the radii of surface curvature but d c/ω r , where ω r is the typical atomic resonance frequency, we can replace α µν (icκ) in Eqs. (3, 7) by its static limit α µν (0) ≡ α 0 µν . Upon performing the ξ-integrals, we obtain the retarded Casimir-Polder potential
In the special case of a spherical atom near a cylindrical metallic shell, the leading curvature correction in the above formula reproduces Eq. (30) of Ref. [10] . Before turning to the non-retarded limit, it is instructive to consider the classical high temperature limit, where the Casimir free energy is given by the first term of the Matsubara sum in Eq. (1). From the limit κ → 0 of the coefficients β (p) q we obtain the classical free energy as
From the above result we obtain the non-retarded London interaction between the surface and a two-state atom for small distances d d r = c/ω r at any finite temperature T . The dynamic dipolar polarizability of an atom or molecule on the imaginary frequency axis is given by
Formally, the non-retarded limit is obtained by taking the velocity of light to infinity (c → ∞). This implies that the coefficients β (p) q are evaluated at ξ = κ n d ∼ 1/c → 0 while the atom's polarizability tends to the finite
2 ] for c → ∞. Hence the Matsubara sum over n can be performed easily, leading to the non-retarded London potential at finite temperature T of
IV. CONCLUSIONS & OUTLOOK
We have developed a derivative expansion for the Casimir-Polder potential between a small polarizable particle and a gently curved dielectric surface, which is valid in the limit of small particle-surface distances. We have demonstrated the power of our approach by computing analytically the leading and next-to leading curvature corrections to the PFA for the potential, in the idealized limit of a perfectly conducting surface at zero temperature. For a two-level atom, we provide explicit formulae for the potential in the retarded Casimir-Polder limit, and in the non-retarded London limit.
While the explicit results presented in the paper are for idealized situations, the gradient expansion method allows for many interesting extensions: Specific dielectric properties of the surface can be easily incorporated and estimated numerically; resonances and anisotropy of the material can lead to interesting interplay with shape and curvature. On the side of the 'atom' we can include effects from higher multipoles in the particle's polarizability. It is easy to deduce, already from Eq. (7) that curvature of the surface can exert a torque, rotating an anisotropic particle into specific low energy orientation. Non-equilibrium situations, involving an excited atom, or a surface held at a different temperature also provide additional avenues for exploration.
we show that the derivative expansion of the CasimirPolder potential U in Eq. (3) can be justified by an analogous procedure. It is first convenient to recast the potential U in Eq. (1) in the form
where the coefficients U µν depend linearly on the matrix elements of T (S) . To specify the perturbative series, we introduce an arbitrary reference plane Σ 2 at distance a from Σ 1 (see Fig.1 ), and then we set H(x) = a + h(x). For sufficiently small h, the coefficients U µν in Eq. (12) admit the expansion:
µν (a) denotes the coefficient for a planar surface at distance a from the atom, G (n)
µν (x 1 , · · · , x n ; a) are symmetric functions of (x 1 , · · · , x n ), and for brevity we have omitted the dependence of G (n) µν on ξ. The kernels G (n) µν satisfy a set of differential relations, which result from invariance of U µν under a redefinition of a and h(x):
where is an arbitrary number. Independence of U µν on is equivalent to demanding ∂ p U µν /∂ p | =0 = 0 for all non-negative integers p. It is possible to verify that these conditions are satisfied if and only if the kernels G (n) µν obey the relations:
In momentum space, the above relations read:
where our Fourier transforms are defined such that
, and we setG
µν . Consider now the perturbative expansion of the coefficients U µν in Fourier space:
For profiles of small slopesh(k) is supported near zero, and then it is legitimate to Taylor-expand
Upon truncating the Taylor expansion to fourth order, and after going back to position space, we find for U µν the expression
where 
and
and we have only displayed the terms that do not vanish identically on account of the condition ∇h(0) = 0. The n-sums in Eq. (18) can be easily done, because by virtue of Eq. (16) the A, B, C coefficients satisfy the relations: 
µν|ijkl (a) ∂a n−2 .
After we substitute the above relations into Eq. (18) , and recalling that d = a + h(0), we obtain the desired result:
We see that the re-summed perturbative series involves the coefficients B
µν|i1...ip (d), p = 2, 3, 4 and C
µν|ijkl (d), evaluated for a = d. As is apparent from Eqs. (20) (21) , these coefficients can be extracted, respectively, from the first and second order kernelsG (1) µν (k; d) and G (2) µν (k 1 , k 2 ; d), by Taylor-expanding them for small momenta.
